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Quantization of the magneto-thermoelectric transport is studied when an external d.c. magnetic
field is applied to the C/N-knot formed as crossing between a narrow stripe of conducting atomic
monolayer C on the one hand and metal stripe N on the other hand. The temperature gradient in C
is created by injecting the non-equilibrium electrons, holes and phonons from the heater H thereby
directing them toward the C/N-knot. A non-linear coupling between electron states of the C/N-
knot counter electrodes causes splitting of the heat flow into several fractions owing to the Lorentz
force acting in the C/N-knot vicinity, thereby inducing the magneto-thermoelectric current in N
whereas the phonons pass and propagate along C further ahead. The heat flow along C generates
a transversal electric current in N showing a series of maximums when dimensions of the Landau
orbits and the C/N-knot match each other. It allows observing the interplay between the quantum
Hall effect and the spatial quantization.
PACS numbers: 84.60.Rb, 73.40.Gk, 73.63.Kv, 44.20.+b
Study of the magneto-thermoelectric transport in
the low-dimensional conductors improves our knowledge
about their nature and motivates the further work [1,
2]. Typical examples are the atomic monolayers (AM)
such as graphene and transition metal dichalcogenides
(TMDC) [3]. The electron transport in AMs is gov-
erned, e.g., by applying the gate voltages. It allows
changing the charge carrier concentration and the mag-
nitude of electrical conductance in wide limits [4]. Al-
ternatively, electric transport is controlled with the d.c.
magnetic field. At the low temperatures, it causes the
quantum Hall effect which is manifested as quantization
of the electrical conductance of the narrow stripe giving
σ = Ich/IHall = νe
2/h where ν is the integer number.
Furthermore, quantization of transverse electron motion
occurs owing to spatial confinement of the electron states
inside the narrow stripes. The above phenomena are uti-
lized in the low-dimensional elements of electronic cir-
cuits, and also during the thermoelectric cooling and en-
ergy generation [5, 6].
In this Letter we focus on the other aspects of the prob-
lem concerning of filtering, spatial separation, redirecting
and conversion the different components of the thermal
and electric transport. Such the phenomena take place
when the d.c. magnetic field B = {0, 0, Bz} acts on the
crossing of a narrow AM stripe C with the metal stripe
N. We examine the microscopic mechanism of control-
lable redirection and convertion one type of transport to
another taking place in such the crossing (C/N-knot),
where the electric and heat currents are separated from
each other as shown in Fig. 1. Thus, the C/N-knot repre-
sents a crossing of the narrow atomic monolayer material
(AM) stripe C with the metal stripe N where the thermal
flow components, i.e., electrons, holes, and phonons are
rerouted in different directions as shown in Fig. 2a. The
quantum dot is created on the C/N-knot as follows. Ow-
ing to the difference between work functions of the two
materials at the C/N-interfaces, the Schottky barriers are
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FIG. 1: Color online. (a) The injection of heat into the C′′-
section under the heater. (b) Electron tunneling from the C′-
section into the stripe of metal N. (c) Main figure: Splitting
the flow of heat in the C/N-knot when a finite d.c. magnetic
field B is applied perpendicular the C/N-knot plane. (d) and
(e) represent the two different energy diagrams of the C/N-
knot, which correspond to distinct trajectories of the electrons
C/C′/C (green arrow) and C/C′/N (blue and red arrows).
formed. Furthermore, there are also barriers (marked in
Figs. 1a,b,d,e as brown) created during the fabrication
process due to presence of the atomic impurities local-
ized at the interface, separating the open C-sections on
the one hand and the C′-section located underneath the
metal stripe N on the other hand. Coupling of electron
states of the C and N electrodes leads to several con-
sequences: (i) modifies the Landau states, (ii) induces
transmission of charge carriers between C and N and also
2(iii) shifts the energy profile by a finite value ∆0 serving
as the bottom of the quantum dot. The heater H (shown
in Fig. 1a as yellow) injects the non-equilibrium phonons
(ph), electrons (e), and holes (h) into the C-stripe, lead-
ing to the temperature difference δT ∗ = T ∗−TC′ arising
between the section C′′ beneath the heater on the left and
C′ beneath the metal N on the right. The effective lo-
cal temperature T ∗ in C′′ much exceeds the steady state
temperature TC in the C-ends. According the Fourier
law, the finite value of δT ∗ 6= 0 initializes the flow of
heat Q = ΛδT ∗ along C between the sections C′′ and
C′ as shown in Fig. 1. Here we introduced the thermal
conductance Λ = Λph+Λe+Λh consisting of the phonon
(Λph), electron (Λe), and hole (Λh) components [7]. The
most interesting case is when numbers of the excited elec-
trons and holes are equal to each other and they, jointly
with phonons, carry only the heat along C but not the
electric current, i.e., I‖ ≡ 0. It happens for the case of
electron-hole symmetry of the excitation spectrum. A
more detailed review of the corresponding C-materials is
given in Ref. [3]. As the counter-electrode N, one can
use a normal metal stripe, e.g., Pd, Ni or Nb. In the
AMs, most of the heat is transferred at expense of the
non-equilibrium phonons. Furthermore, the propagating
phonons drag additional electrons and holes along C [8].
Directing the d.c. magnetic field B perpendicularly the
C/N-knot, one spatially separates and filters the ph-, e-,
and h-components of the heat flow. In the C/N-knot,
the Lorentz force deflects the electrons and holes (see re-
spectively the blue and red arrows in Fig. 1c) from C to
N in opposite directions, because their charges ±e are
opposite, whereas the neutral phonons propagate further
ahead (green arrow in Fig. 1c).
We describe the non-linear coupling between electron
states of the C- and N-stripes by introducing the partial
transmision probabilities Tx,y. Let us derive the bound-
ary conditions (BC) for the electron wavefunctions of the
C/N-knot influenced by the external d.c. magnetic field
as shown on Fig. 2a. First, we assume that after emerg-
ing from the open left C section, an electron then en-
ters the C/N-knot (see Fig. 2a). For an electron pass-
ing through the C/N-knot, there are three possible fur-
ther trajectories: (a) an electron is deflected from the
straight trajectory toward the right wing of N (blue ar-
row in Fig. 2a); (b) it traverses the C/N-knot toward the
open C-section on the opposite side further ahead (green
arrow in Fig. 2a); (c) an electron, instead to be deflected
toward the right wing of N, ‘wrongly’ deviates from C
toward the left wing of N. In the same figure, the red ar-
row depicts the hole trajectory. We emphasize that only
the e- and h- deviated trajectories (see the blue and red
lines in Fig. 1c) are contributing to transverse electric
current generated in N. Aforementioned processes effec-
tively are represented as tunneling through the asym-
metric C/C’/N-junction the energy diagram of whose
is shown in Fig. 1e. The green arrow directed ahead
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FIG. 2: Color online. (a) The C/N-knot model for com-
puting of the transmission probabilities Ty. (b) The trans-
mission probabilities for an electron emerging from C into
the C′-section along the xˆ-direction, Tx (doted black curve),
turning to the right, T righty (solid blue curve), and turning
to the left, T lefty (dashed red curve) computed for geometry
(a) by solving the non-linear boundary conditions. (c) The
non-equilibrium electron distribution function fC(ε) in the C
section. The brown curve is fC(ε) which is altered only due
to the phonon drag whereas the green curve is fC(ε) which is
altered only due to the thermal injection of electron and holes
(see parameters in text). Inset shows the phonon drag - in-
duced non-equilibrium deviation of the distribution function
δfe,h of electrons (blue curve) and holes (red curve) in the
C section for the same parameters. (d) Driving factor of the
transversal magnetoelectric current computed assuming that
the quantum dot bottom ∆0 is set at ∆0 = 0 whereas the
minigap is ∆ = 1 (the units are explained in text). The red
dashed curve shows the influence of only the non-equilibrium
thermal injection, whereas the solid blue curve shows the com-
bined influence of the non-equilibrium thermal injection and
phonon drag.
as shown in Fig. 1c depicts another type of trajectory.
The latter process is represented as a tunneling via the
symmetric C/C’/C junction (see the energy diagram in
Fig. 1d). Such the process gives no contribution into the
electric current in N.
The transverse magneto-thermoelectric current I⊥ is
computed assuming that the non-equilibrium electrons
and holes in C are excited by two mechanisms: (i) due
to the phonon drag of the electrons and holes along C,
and (ii) via the thermal injection of the non-equilibrum
quasiparticles from the heat source H into C (see Fig. 2a).
More detailed description of the mechanisms (i) and
(ii) is given in Ref. [3]. Furthermore, we suppose that
the C/N-interface transparency is high, thereby ensuring
that the transmission probability
−→←−
Ty through the C/C
′/N
knot is considerable for electrons (and holes) emerging
3from section C, then traversing the section C′, and being
transmitted, e.g., in the left (or right) wing of N, pro-
vided
−→←−
Ty . 1. The transmission probabilities
−→←−
T y are
determined by the work functions of C and N. Simulta-
neously, the transparency TCNph for phonons of the same
C′/N-interface is very low, i.e., TCNph << 1, though prop-
agation of phonons inside C is ballistic. That happens
because redirecting of the phonons from C to N is ac-
companied by a significant change of the phonon momen-
tum ∆q = yˆqN − xˆqC where qN and qC are the phonon
momentum components along N and C respectively [7].
Another reason why TCNph << 1, is that the phonon spec-
trums of C and N are very distinct. Therefore, for the
sake of simplicity, we disregard the phonon transmission
from C to N by setting TCNph ≃ 0. On the one hand, we
assume that phonons pass the knot and propagate along
C further ahead. On the other hand, we will see that
the Lorentz force reroutes electrons and holes propagat-
ing between C and the perpendicular stripe of the metal
N. As it follows from the further calculations, the redi-
rection happens because the Lorentz force pulls electrons
to the right (blue arrow in Fig. 1c) while simultaneously
pushing the holes toward the left (red arrow in Fig. 2c).
In this way, the heat flow (yellow arrow in Figs. 1a,c)
along C induces the electric current I⊥ (magenta arrow)
in N (brown).
Here we consider most spectacular case of the electron-
hole symmetry in C assuming that the energy gap ∆
is relatively small. The magnitude of the transversal
electric current generated in N is found according the
Landauer-Bu¨ttiker formula
I⊥ =
4e
h
∫ ∞
0
dεMmin (ε)
(←−
T y (ε)−−→T y (ε)
)
× (fC (ε− VH)− fN (ε)) (1)
where Mmin (ε) is the minimum number of quantum
channels per energy interval,
←−−→
T y (ε) is the energy-
dependent transmission probability through the C/C′/N
knot for an electron emerging from section C, traversing
the section C′, and getting into the left (or right) wing of
N, VH is the thermal Hall voltage induced by the d.c. field
across C as explained in Ref. [3]. When the excitation
spectrum in C is non-symmetric, and one type of charge
carriers (either electrons or holes) prevails, in addition to
the heat flow, there is also a finite thermoelectric current,
also flowing along C.
The transmission probability
←−−→
T y (ε) through the C/N-
knot is computed using the model depicted in Fig. 1c and
Fig. 2a. As the trial electron wavefunction ΨC′ (x, y), we
use a combination of two-dimensional waves formed in-
side the rectangular box situated on the C′-section un-
derneath the metal N as shown in Fig. 2a. The box rep-
resents the rectangular 2D quantum dot whose bottom
is at the energy value ε = ∆0. For the sake of simplicity,
we disregard the particle’s chirality [9]. The value of ∆0
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FIG. 3: Color online. (a) Longitudinal transmission proba-
bility through the C/N-knot versus the electron energy ε (in
units 2∆0) and the cyclotron wave number qc =
√
eBz/~ (in
units 2∆0/v) computed assuming ∆ = 0 and 2∆0 = 1 (see
units and other parameters in text). The dotted lines in-
dicate geometrical resonances originating from matching be-
tween the Landau orbits and the C/N-knot dimensions. No-
tice the features related to ∆0 and qc0 =
√
q2c + q
2
0 where
q0 =
√
2mω0/~. The parameters characterize the bottom
energy bands of C′. (b) The transversal transmission prob-
ability for 2∆0 = 1 and ∆ = 0.4. The dashed lines indi-
cate resonances L±0,1 related to the Landau and spatial quan-
tization. Notice also features related to the bottom energy
∆0, the energy gap ∆, and the cyclotron wave number qc.
(c) The transversal magneto-thermoelectric current I⊥ (in
units 2∆0(e/h)) generated in N by the heat flow along C as
a function of the cyclotron wave number qc for different tem-
perature deviations δT ∗ in C (see text). (d) Corresponding
contour plot of the steady state I⊥ for the same parameters
of the C/N-knot as before.
is set owing to coupling between the atomic orbitals of C
and N. We assume that an electron with the momentum
p = {k, q} enters the C/N-knot on the left side from C to
C′ at x = 0 and 0 < y < W . The electron leaves the C/N-
knot toward N either on the right (y = 0, 0 < x < L),
on the left (y = W , 0 < x < L), or propagates toward C
further ahead (x = L, 0 < y < W ) where L is the metal
stripe width. While traversing the C/N-knot, the elec-
trons (holes) acquire a transversal momentum component
q = ± ((e/c)Bzy + t2g/v) where the former term is due
to magnetic field whereas the last term is caused by the
C/N-coupling whose energy is t2g. Here t is the matrix
element of tunneling between C and N, g is the electron
density of states in the metal stripe N, v is the Fermi
velocity in C. The confinement effect inside the C-stripe
is modelled with introducing the spreading of parabolic
potential in the yˆ-direction U (y) = mω20y
2/2 where m is
the electron mass and ω0 characterizes the steepness of
the confinement potential. Then the dispersion law of an
4electron inside C is
En,k = Es + ~ωc0
(
n+
1
2
)
+
~
2k2
2m
ω20
ω2c0
. (2)
where n is a non-negative integer, ωc = eB/me is the cy-
clotron frequency, and ωc0 =
√
ω2c + ω
2
0 . From Eq. (2), it
follows that both, the confinement of electron states and
the d.c. magnetic field, cause minibands in the electron
excitation spectrum of the C-stripe. For the rectangu-
lar geometry of the C/N-knot shown in Fig. 2a, the trial
electron wavefunction takes the form
ΨC′ (x, y) =
(
αxe
ikx + βxe
−ikx
)
(αyun (ζ+) + βyun (ζ−))
(3)
where we introduced auxiliary functions un (ζ) =
exp{−ζ2/2}Hn (ζ), Hn(ζ) is the Hermite polynomial,
ζ± = ζ (y,±k) = q0y ∓ λc0k. Here q0 =
√
mωc0/~,
λc0 = (ωc/ωc0)
2λ2q0 and λ =
√
~/eB is the magnetic
length. Furthermore, at B = 0, pi/q0 = W
∗ is the ef-
fective width of C-stripe. For the magnetic flux den-
sity B = 16T one obtains λ =
√
~/eB ≃ 6.4 nm,
~ωc = 2 meV, ~ω0 = 5 meV, ~ωc0 ≃ 5.3 meV, and
the effective width of the stripe is W ∗ = pi/q0 ≃ 75 nm,
U0 = ∆0 ≃ 5.5 meV where ∆0 = Es + ~ωc0/2 is the
bottom energy.
Outside the C/N-knot region, the trial wavefunctions
are taken in the form of plane waves. For an electron
which is propagating along the C-stripe, at x < 0 and
y = 0 we use
ΨC (x, y = 0) = rxe
−ik1x + eik1x (4)
whereas for an electron inside the N-stripe x = 0 we use
ΨN (x = 0, y) = t
R(L)
y e
iq3(y±W/2) (5)
where the upper (lower) signs correspond to y > W
(y < −W ). In the above formulas (4), (5) we dis-
regarded dependence on y, which enters into the co-
efficients rx and t
R(L)
y . The transmission probabilities
are defined, e.g., as
−→←−
T y(ε) =
∣∣∣tR(L)y
∣∣∣2. The energy
dependence of k is then obtained in the form k(ε) =
(ωc0/ω0)(
√
2m∆n/~)
√
(ε−∆n)/∆n where ∆n = Es +
~ωc0 (n+ 1/2). The boundary conditions (BC) yield the
system of 8 non-linear transcendental equations for the
8 coefficients entering the trial wavefunction (3). Tech-
nically, non-linear coupling between the electron states
in the C- and N-stripes originates from the products like
∝ αxαy, αxβy, βxαy, which are present in the boundary
conditions. The non-linear BC equations are solved nu-
merically. The obtained solutions allow to compute the
transmission probabilities
←−−→
T y(ε) which enter in Eq. (1).
Our simple model assumes that the propagation of parti-
cles within the C/N-knot is ballistic. The model also can
be extended to include the roughness of substrate and
interfaces as described, e.g., in Ref. [25].
The electric current I⊥ is induced in the N-stripe ow-
ing the thermal injection [2] and the phonon drag [8].
Thereby, I⊥ depends on the non-equilibrium distribution
functions of the electrons fC and phonons NC inside the
C/N-knot. The functions fC and NC are found as solu-
tions of the kinetic equations
f˙C = Lth + Lep (6)
N˙C = Pth + Ppe (7)
where Lth and Pth describe respectively the thermal
injection of the non-equilibrium electrons, holes, and
phonons from the heat source H into the C′′ section as
shown in Fig. 1a, Lep is the electron-phonon collision in-
tegral, whereas Ppe is the phonon-electron collision inte-
gral. In Eqs. (6), (7) we have disregarded other processes
having lesser importance.
The non-linear coupling between the electron states
of counter electrodes in the C/N-knot causes the leak-
age of the electrons and holes from the C-stripe to N
as illustrated in Fig. 2. The corresponding numeric re-
sults are presented in Figs. 2b-d. In Fig. 2b we plot the
transmission probabilities for an electron incoming from
C into the C′-section along the xˆ-direction, Tx (dotted
black curve), turning to the right,
−→
T y (solid blue curve),
and turning to the left,
←−
T y (dashed red curve) obtained
as solutions of the non-linear boundary conditions. The
probabilities of electron transmission
−→←−
T y and Tx con-
tain series of peaks related to the geometrical resonances
arising when the dimensions of Landau orbit with index
n = 3 and the C/N-knot dimensions coincide with each
other. Notice the buildup of the transmission probabili-
ties at energies 0 < ε < ∆0 where ∆0 is the bottom en-
ergy of the C/N-knot. The buildup arises when the effec-
tive width W ∗ = pi/q0 of the C-stripe is finite. By other
words, the maximums occur when position of the Lan-
dau level n = 3 matches with the localized energy levels
originating from the spatial quantization. Thus, stronger
transversal deviation of electrons and holes traversing
through the C/N-knot occurs at certain values of the
electron energy ε and magnetic field Bz. To illustrate
the difference between the two mechanisms of creating
the non-equilibrium excitations (i.e., the phonon drag
and thermal injection) in C, we set either δfpd ≡ 0 while
holding δf th 6= 0 or, otherwise, δf th ≡ 0 while δfpd 6= 0.
The calculation parameters depend on properties of the
C- and N-materials. Furthermore, certain parameters,
like the magnetic length λ and the cyclotron frequency
ωc also depend on whether the electron excitations are
the chiral fermions or not. Therefore it is convenient to
operate with material-independent dimensionless units.
We use the following parameters τep = 10
−12 s, σ0 = 0.2,
N0 = 1, ∆ = 1, T
′
C = 0.1 is the temperature in C
′-
section, s = 0.02 is the sound velocity, v = 1. The di-
mensionless length units correspond to v/2∆0 whereas
the wavevectors are in the units of 2∆0/v where both
5∆0 and v are material-dependent. For the sake of conve-
nience, in Fig. 2b and below, the parameters with energy
and temperature dimensions are expressed in units of the
semiconducting gap ∆ in C (we set ~ = 1). Parameters
with the wave number dimensions (like k, q0, qc, etc.)
are expressed in units ∆/v whereas the length parame-
ters (like L, W , λ, λc0, etc.) are expressed in the units of
v/∆. Then, e.g., for the C-stripe width W = 75 nm one
gets ∆ = 2~v/W = 0.4 eV, ∆/v = 7.5 × 108 m−1 and
v/∆ = 1.3 nm where we also use that v = 8.1× 105 m/s
and s = 2.1 × 104 m/s. In Fig. 2c, the brown curve
represents the distribution function of electrons in C,
fC(ε), altered owing to only the phonon drag, whereas
the green curve is fC(ε) altered only by thermal injec-
tion of the electron and holes (see parameters in text).
Inset in Fig. 2c shows the phonon drag - induced non-
equilibrium deviation of the distribution function δfe,h
of electrons (blue curve) and holes (red curve) in the C
section for the same parameters as listed above. Driving
factor δfC = fC − fN = δfpd + δf th for the transver-
sal magnetoelectric current I⊥ at U0 = 0 is plotted in
Fig. 2d. Red dashed curve corresponds to influence of
the non-equilibrium thermal injection only (for the mo-
ment we set δfpd ≡ 0) while the blue solid curve shows a
combined influence of both, the non-equilibrium thermal
injection and the phonon drag.
In Fig. 3 we show the obtained transmission proba-
bilities Tx (ε),
←−
Ty (ε) and the transversal electric current
I⊥ versus magnetic field Bz and temperature deviation
δT ∗ = T ∗ − TC. The effective electron temperature T ∗,
as a characteristic of the non-equilibrium effect, is intro-
duced as T ∗ = (ΩCN/kB)ε¯el, where ΩCN = hWL is the
C/N-knot volume, h and W are respectively the thick-
ness and width of C, and L is the width of N. The energy
of non-equilibrium electrons per unit volume ε¯el is given
by Eq. (12) of Ref. [3]. Maximums of the electric cur-
rent component I
(3)
⊥ in Fig. 3 arise from matching of the
Landau orbit (n = 3) with dimensions of the C/N-knot.
In other words, they constitute an interplay between the
Landau and localized levels arising in the C/N-knot. Fig-
ure 3 suggests that the basic C/N-knot parameters can
be extracted straight from the magneto-thermoelectric
characteristics. In Fig. 3, we use L = 0.6, W = 0.67, and
h = 10−3, all expressed in the dimensionless units. The
bottom energy ∆0 of the C/N-knot and its confinement
steepness wave number q0 are respectively ∆0 = 0.5 and
q0 = 0.5. When the C-stripe is made of, e.g., NbSe2, the
dimensionless units listed for Fig. 3 correspond to the fol-
lowing parameters dependent on the physical properties
of the material. The d.c. magnetic flux density (mag-
netic induction) is B = 16 T, λ = 6.4 nm, the cyclotron
energy ~ωc = 1.85 meV, the confinement steepness en-
ergy ~ω0 = 5 meV, ~ωc0 ≃ 5.3 meV, the effective C-
stripe width W ∗ = pi/q0 = 80 nm, v/2∆0 = 130 nm,
2∆0/v = 7.6 × 106 m−1, ∆0 = Es + ~ωc/2 = 0.5 meV.
Figure 3a shows the longitudinal transmission probability
Tx (ε) through the C/N-knot versus the electron energy
ε and the cyclotron wave number qc =
√
eBz/~ setting
the energy gap ∆ = 0 and the bottom energy 2∆0 = 1.
In Fig. 3b we present the transversal transmission prob-
ability
←−
Ty(ε) through the C/N-knot versus ε (in units
2∆0) and qc in units 2∆0/v, assuming that the energy
gap is finite, ∆ = 0.4. In Fig. 3c we plot the transversal
magneto-thermoelectric current I
(3)
⊥ [in units 2∆0(e/h)
by setting ∆ = 0 again] induced along N versus the cy-
clotron wave number qc (in units 2∆0/v) for different
effective temperature deviations δT ∗ = 0.08, 0.8, 1.4, and
2 (in units 2∆0/kB) for curves 1-4 respectively. As an
illustration, in Fig. 3d, we also show the corresponding
contour plot of I
(3)
⊥ for the same C/N-knot parameters as
in the former Fig. 3c. From Figs. 3c,d one can see that
I
(3)
⊥ is roughly proportional to the temperature deviation
δT ∗ in C.
The obtained results suggest that the electrons (e) and
holes (h), having opposite electric charges and propagat-
ing in C under influence the Lorentz force (see Fig. 1b)
are diverted toward N in opposite directions. Thus, a
finite field B 6= 0 splits the heat flow into several com-
ponents, thereby separating the electrons and holes from
each other as shown in Fig. 1a and causing a finite electric
current Ie = Ih = I 6= 0 along N. The magnitude of elec-
tric current induced in N is proportional to the heat flow
in C and also depends on the d.c. magnetic field B. The
non-linear tunneling coupling between the electron states
of the C- and N-stripes modifies the Landau states in the
C/N-knot thereby introducing a difference between the
magneto-thermoelectric transport in the C/N-knot and
isolated C-stripe.
Our results illustrate that the study of magneto-
thermoelectric phenomena enable better understanding
the microscopic transport mechanisms in the atomic
monolayer materials and junctions, thereby opening
many additional opportunities in a variety of the research
and applications. By measuring resonances of I⊥, one
establishes key parameters of the AM junction and ex-
amines interplay between the Landau and spatial quanti-
zations in conditions of the thermal quantum Hall effect.
It extends capabilities to determine the parameters of
low-dimensional junctions on the nanoscale. In princi-
ple, the filtering of heat flow in the C/N-knot subjected
to the d.c. magnetic field can be used, e.g., to probe
the electron-electron interaction and to potentially reveal
other spectroscopic features like, e.g., the parameters of
Luttinger liquid or exciton binding energy in narrow AM
stripes. Furthermore, the phenomenon can be utilized
for the thermoelectric cooling and generation of electric-
ity [2, 5].
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APPENDIX
C-materials
There are many monoatomic layer conductors regarded
in this paper as C. One example is graphene [9], an ex-
tremely thin electric and thermal conductor [10], show-
ing high carrier mobility [11], and surprising properties
of the molecular barrier [12, 13]. Other 2D materials
are TMDCs [4], transition metal oxides like titania- and
perovskite-based oxides [14, 15], and graphene analogues
such as boron nitride (BN) [16, 17]. Atomic monolay-
ers of TMDCs which display the wide range of interest-
ing electronic, optical, mechanical, chemical and thermal
properties, have a strong potential for a variety of appli-
cations. The knowledge obtained from graphene [4] helps
in the sample preparation, optical detection, transfer and
manipulation of 2D materials, and in general understand-
ing of 2D material physics. Numeric study [18–20] sug-
gests that the band structure of different TMDCs is sim-
ilar in general features, which also is confirmed using a
variety of spectroscopic tools [4, 21, 22]. The MoX2 and
WX2 compounds are semiconducting, whereas NbX2 and
TaX2 are metallic [4], where X is a chalcogen (S, Se or
Te). Direct excitonic transitions near the K-point remain
relatively unchanged versus the layer number [4, 22].
Currently, there is a strong interest to the monatomic
materials with relatively small energy gap ∆l ≃ 1 −
100 meV. The interest is motivated by a variety of
potential applications in the nanoelectronics, e.g., the
THz sensors and spectral analyzers, lasers, high-speed
logic, and superfast computers. Typically, the pristine
monoatomic layer materials are either semiconducting
(e.g., such TMDCs as MoX2 and WX2) or metallic (e.g.,
NbX2 and TaX2). The energy minigap ∆l in the excita-
tion spectrum of a monatomic metal is induced using one
of the many approaches [23]. For instance, a minigap can
arise due to the interaction-driven electronic order [26–
28] when a high magnetic field is applied; it also can
result from the influence of substrates such as SiC [29],
[30] or hexagonal boron nitride (BN), [31] although the
lattice mismatch might cause rather complex effects [16].
Ref. [32] describes the superlattice patterns on graphene
created using the electron beam-induced deposition of
adatoms [33]. The pattern periodicity is achieved as short
as ≃ 5 nm. The triangular patterns with the lattice pe-
riod LSL ∼ 10 nm were formed for graphene on metal
7surfaces [34–36]. The semiconducting and metallic su-
perlattices routinely are used for manipulating the elec-
tronic structure of materials. Superlattices are fabricated
by placing the gate arrays on the graphene sheet.
The scenario is similar for different monoatomic con-
ductors. A simple model considers a ”slow” periodic
potential applied to the atomic monolayer thereby in-
ducing minibands in the electron excitation spectrum.
We assume that a periodic 1D potential V (x), with pe-
riod LSL >> a (a is the lattice constant) along the x-
direction, is applied, e.g., to graphene. The dispersion
law for an electron with momentum p = {px, py} is
derived [32] in the form Els (p) = ±~v
√
p2x + |fl|2 p2y +
pi~vl/LSL where v is the Fermi velocity, fl are the coeffi-
cients of the V (x) expansion exp{2i ∫ x
0
dx′V (x′)/(~v)} =∑∞
l=−∞ fl [V ] e
ipilx/LSL , l is integer. Then one gets
the minigaps ∆l = ~v |fl| pl,y spaced with ∆Es (p) =
pi~v/LSL. The electron density of states in the C-stripe
then contains series of Van Hove singularities associated
with the minigaps ∆n. Such series of Van Hove spikes
with 2∆n ≃ 0.4 − 0.8 meV was experimentally observed
in graphene on the hexagonal boron nitride (hBN) sub-
strate as reported in Ref. [37]. The equilibrium density
of charge carriers n is important because it determines
the graphene Fermi momentum magnitude, kF =
√
pin,
and the corresponding Fermi energy, εF = ~vkF , where
v = c/300 is the Fermi velocity of the linearized band
and c is the speed of light in free space. For intrinsic
graphene (n = 0), thus the Fermi energy εF coincides
with the Dirac point, i.e., we set εF = 0. Similar sce-
nario also describes the minigap ∆l in other monoatomic
conductors.
Key parameters of the C/N-knot
Basic parameters of the C/N-knot are deduced by mea-
suring the thermal and electric currents. Besides, pa-
rameters are determined from the first-principle numeric
calculations. In particular, for 2H-NbSe2 [24], using the
effective electron mass m∗ = 0.6 m and lattice constants
a = 3.45 A˚, c = 12.54 A˚, one evaluates the ”bare” elec-
tron density of states (DOS) as N(0) ≃ 2.8 states/(eV·
unitcell) and the Fermi velocity as v ≃ 1.6×106 m/s. The
electron minigap ∆m arising in 2H-NbSe2 due to presense
of superlattice with a ”long” period LSL >> max{a, c}
is evalated as follows. Let us consider a wide range of
densities, expressed as a multiple of the base value n0 =
1011 cm−2, under the conditions kF < kc and εF < εc.
For the latter number, we evaluate the Fermi wavevec-
tor as kF =
√
pin0 = 5.6 × 107 m−1, and pF = ~kF =
3.7×10−8 eV s/m. For the superlattice period L = 50 nm
and the Fermi velocity v = 1.6×106 m/s, K = 2pi/3a, we
find the minigaps ∆m ≃ |fm| · 5.9× 10−2 eV spaced with
∆Es = 6.6 × 10−2 eV. Thus both, the minigap mag-
nitude ∆m and spacing ∆Es are adjusted by changing
the superlattice period and of amplitude of the ”slow”
potential V (x). Similar subbands arising in the electron
excitation spectrum of a narrow conducting stripe, or
when applying a d.c. magnetic field considered in the
following sections.
Nonequilibrium effects
Phonon drag is essential in semiconducting stripes and
nanotubes whereas it is negligible in metallic stripes and
nanotubes. Phonon drag occurs [8, 38] when the non-
equilibrium phonons propagating between the hot (C′′)
and cold (C′) spots of the same C, are generating the
electrons and holes in the processes of phonon-electron
collisions. In Eq. (1), the electron distribution function
fC = f
(0)
C (T
′′
C) + δf
th + δfpd significantly deviates from
its equilibrium value f (0)(TC) = 1/(exp (ε/TC)+ 1). The
non-equilibrium deviation δf th is caused by two mecha-
nisms. (a) Due to the thermal injection from H to C′′ by
δf th and (b) due to the phonon drag generation by δfpd.
The corresponding non-equilibrium deviations δf th and
δfpd caused by (a) and (b) are computed using Eqs. (6)
, (7). The distribution function of electrons f
left/right
N
belonging to the left and right wings of the same N-
stripe are approximately equal to each other (i.e., f leftN ≃
f rightN ). Therefore, we merely regard them as equilibrium
Fermi functions f (0) (ε/TC) = 1/ (exp (ε/TC) + 1) with
a steady state temperature TC. Equations (6) with Lth
were addressed in Ref. [2] whereas the phonon drag was
considered in Refs. [2, 6, 8, 38]. The phonon drag leads
to the non-equilibrium deviation δfpd which in the linear
approximation is computed from Eq. (6) as
δfpd ≃ piτepg2
∑
m=±
|m (κm)|2 δN(sκm)[fm+f (0)−2f (0)fm]
(8)
where τep is the electron-phonon collision time,
m = ±1, fm (ε) = 1/ (exp (εmA ) + 1), κm =
2
(
k +m (s/v)
√
k2 + q2ν
)
/
(
(s/v)2 − 1
)
, qν is the quan-
tized transversal component of electron momentum in C,
εmA =
√
ε2 + v2κ2m + 2κmvεB/TC′′ , εB =
√
ε2 − v2q2ν , s
is the speed of sound, and v is the Fermi velocity in C.
An independent linear deviation δf th of the distribution
function from its steady state fC owing to the thermal
injection from H in C is evaluated as
δf th =
τepΓHC
1 + τepΓHC
(fC′′ − f (0)) (9)
where ΓHC is the rate of electron tunneling between H
and C, fC′′ = 1/(exp (ε/TC′′) + 1). In the above Eq. (8),
δN = NC −N (0) is the non-equilibrium deviation of the
phonon distribution function NC from the Bose-Einstein
form N (0) = 1/(exp (ω/TC′)− 1) inside the C/N-knot is
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FIG. 4: Color online. Energy profile of the confinement po-
tential U(y) formed at the C/N-knot in the transversal yˆ-
direction. (a) U(y) at B = 0. (b) The Hall voltage 2VH tilts
the U(y)-potential when a finite d.c. magnetic field B 6= 0
is applied perpendicular the C/N-knot. Notice, that in the
latter case, the level spacing increases owing to the interplay
between the Landau and spatial quantization.
determined from Eq. (7). For the sake of simplicity we
use a model form
δN (ω) = N0e
−
(ω−Ω0)
2
σph (10)
where the parameters N0, Ω0, and σph are the ampli-
tude, frequency, and width of the phonon beam propagat-
ing along C from C′′ to C′ respectively. The parameters
are either determined from corresponding boundary con-
ditions, or computed microscopically, and/or extracted
from the experiments. The non-equilibrium thermal in-
jection from H to C induces a beam of phonons (10) along
C. Intensity N0 of the phonon beam (10) inside C is de-
termined with power of the heat source H, and with the
H/C-interface transparency THCph . The beam width σph
depends on geometry of the source of heat H.
Thermal Hall effect
The thermal Hall voltage VH arises as follows. Let us
consider the electron-hole symmetry assuming that the
source of heat H injects the non-equilibrium electrons
and holes into C in equal numbers. The finite differ-
ence δT ∗ induces a drift of the excitations from C′′ to C′.
The d.c. magnetic field deflects the propagating elec-
trons and holes toward the opposite C-stripe edges. The
C-stripe becomes electrically polarized in the yˆ-direction
owing to the spatial separation of the electrons and holes.
Thereby, the holes create an electric current along C
near one edge whereas the current of electrons is local-
ized on the opposite edge and flows in the opposite xˆ-
direction. In the case of the electron-hole symmetry, the
electric currents of electrons and holes, localized on op-
posite edges of C, mutually cancel each other, thus the
total longitudinal electric current in C vanishes. Never-
theless, the transversal polarization of the electric charge
creates a finite Hall voltage VH 6= 0 across the C-stripe.
We emphasize that the above mechanism is quite dif-
ferent from the conventional Hall voltage requiring the
electron-hole asymmetry when a certain type of charge
carriers dominate. Besides, we assume that in vicinity
of the C/N-knot, the Luttinger liquid [1] is not formed
due to coupling between the C and N electrodes. As
electric charges propagate along the C-stripe, they ex-
perience the transversal Lorentz force FM = ±evdB⊥
while moving in the magnetic field. Initially, the charges
will move towards the edge of the stripe. As soon as
the charges pile up across the C-stripe, they creates an
electric potential between the edges of the stripe in the
transversal direction. Eventually, this potential will cre-
ate a transversal electric force FE on the charge carriers
that will be equal to the magnetic force FM on them. The
system will then reach a quasi-stationary state in which
there will be a constant voltage VH across the stripe.
In the quasi-stationary state, provided that FE = FM
and eE = evdBz, the constant currents of electrons and
holes are getting localized on the opposite C-stripe edges.
The transversal electric field E created by the pile up of
charges is constant in the stripe. The E-field is equal to
the voltage VH across the stripe divided by the width W
giving E = VH/W . The drift velocity vd of the charge
carriers and the heat flow Q are related to each other
as follows. The amount of heat transferred due to the
drift of non-equilibrium electrons between the C′′ and C′
sections per unit time is
Qne =
( ε¯el
∆t
)
LCWh = ε¯el
(
LC
∆t
)
Wh = ε¯elvdWh (11)
where LC = vd∆t is the spacing between the C
′′ and C′
sections, ∆t is the drift time, h is the stripe thickness.
The energy of non-equilibrium electrons per unit volume
is obtained as
ε¯el =
∫
dεM (ε) (δfpd + δf th) · ε. (12)
The non-equilibrum deviations δfpd and δf th of the elec-
tron distribution functions are given by Eqs. (8), (9) cor-
respondly. On the other hand, from the Fourier law, we
find QF = Λel (T
∗ − TC). Using Qne = QF, we obtain
the drift velocity as vd = Λel (T
∗ − TC) /(ε¯elWh). With
allowance of the above equations, we obtain the Hall volt-
age as
VH =
Λel (T
∗ − TC)
ε¯elh
Bz. (13)
which enters Eq. (1). We emphasize that the finite Hall
voltage VH 6= 0 causes a build up of the electric potential
only in C, thereby creating the bias voltage between the C
and N stripes, whereas the electric field along N vanishes
(see Fig. 4).
